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DISCUSSION OVERVIEW

Summary of the paper

• theoretical and empirical aims

Empirical results

• relationship between data and model predictions

Model solution

• construction of decision rules does not correspond to a rational
expectations equilibrium
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MODEL

Endowment economy with dividend and labor income

• incomplete markets: two sources of risk, one traded risky asset

Investors endowed with Epstein–Zin preferences

• heterogeneous risk aversion =⇒ wealth distribution becomes a state
vector

Short-selling constraints

• endogenous stock market participation
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TARGETS

Distinction between aggregate and stockholder consumption variation

Variation in stock market entry and exit

• in good times, more risk averse agents enter

Cyclicality of quantity and price of consumption risk

• largely constant price of risk
• positive shock =⇒ entry of more risk averse agents =⇒ heightened
average risk aversion (↗ price of risk)

• positive shock =⇒ consumption shares shift toward less risk averse agents
(↘ price of risk)

• first effect somewhat stronger

• countercyclical quantity of risk
• procyclical aggregate consumption risk (larger share of riskier financial
income in expansions)

• strongly countercyclical stockholder consumption risk (dtto in recessions,
due to exit of more risk averse investors)
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EMPIRICAL EVIDENCE

Datasets

• Survey of Income and Participation Program (SIPP)
• Consumer Expenditure Survey (CEX)
• Survey of Consumer Finances (SCF) for risk aversion proxies

Results

• Association between business cycle and entries to/exits from the stock
market by risk aversion

• Negative association between quantity of risk for stockholders and
business cycle, positive association for aggregate consumption
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DETERMINANTS OF ENTRIES AND EXITS FROM SIPP DATA (TABLE 5)

Table 5: Determinants of entries and exits from SIPP data
Table 5 reports the panel regression of either entry or exit on St/Yt, risk aversion, and other characteristics. The sample includes 138,039
respondents covered by the Survey of Income and Program Participation (SIPP) for the 1984, 1985, 1986, 1987, 1990, 1991, 1992, 1993,
1996, 2001, 2004, and 2008 panels. Entryi,t is a dummy variable that takes the value of 1 if a respondent newly participates in the
stock market either directly or indirectly through retirement investment accounts. Exiti,t is a dummy variable that takes the value of 1 if
a respondent exits the stock market. For risk aversion measure, we assume that risk aversion is the probability that households have no
tolerance for investment risk. More details on this measure are discussed in Section 6. Wealth is the sum of stock, mutual fund, bond,
saving account, and checking account. Number of children is the number of children of a respondent, Married is a dummy variable which
takes the value of 1 if a respondent is married. High and College are the dummy variables which take the value of 1 if a respondent’s
highest grade is high school and college, respectively. T-statistics based on standard errors clustered by year are reported in parentheses,
where ***, **, and * indicate significance at the 1%, 5%, and 10% levels, respectively.

Dependent variable: Entryi,t Exiti,t
(1) (2) (3) (4)

St/Yt
0.003 -0.019 -0.007* 0.018**
(1.21) (-1.67) (-2.10) (2.38)

St/Yt × γi,t
0.039* -0.042***
(2.10) (-3.13)

γi,t
-0.303*** -0.375*** 0.257*** 0.335***
(-8.57) (-5.62) (10.97) (7.86)

∆ log(Wealth)i,t
0.004*** 0.004*** -0.004*** -0.004***
(7.45) (7.69) (-9.60) (-9.88)

∆log(labor)i,t
-0.005*** -0.005*** 0.004*** 0.004***
(-6.22) (-6.08) (10.65) (10.32)

Number of childreni,t
-0.0002 -0.0002 -0.004*** -0.004***
(-0.12) (-0.12) (-4.00) (-3.98)

Marriedi,t
0.0004 0.001 -0.001 -0.002
(0.08) (0.14) (-0.25) (-0.31)

Highi,t
-0.010** -0.013** 0.013*** 0.016***
(-2.23) (-2.70) (3.30) (4.74)

Collegei,t
-0.041*** -0.046*** 0.044*** 0.049***
(-4.86) (-4.44) (4.81) (5.01)

Agei,t
-0.013*** -0.009** 0.007*** 0.004*
(-5.33) (-2.66) (8.34) (2.10)

Age2i,t
0.0001*** 0.0001*** -0.0001*** -0.0001**
(3.67) (1.87) (-5.12) (-2.39)

Individual FE Yes Yes Yes Yes
Number of Obs. 319,452 319,452 319,452 319,452
Adj. R2 0.012 0.012 0.035 0.035

valuations are low, risk-averse investors are more likely to exit the market. These empirical

findings imply that the composition of stockholders varies over times through heteroge-

neous investors’ market entry and exit, which depend on an economic state, consistent

33

As we move from a recession to expansion (St/Yt increases) and back, more
risk averse agents are last to join but also first to leave.

• expect a positive coefficient on St/Yt × γi,t both for entries and exits
• in the data, coefficients on entry and exit have opposite signs but
almost the same magnitudes

• run the same regression on model generated data!
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EMPIRICALLY ESTIMATED AMOUNT OF RISK (FIGURE 6)

Figure 6: Empirically estimated Amount of risk
This figure plots the empirically estimated conditional covariance of equity returns with stockholders’ (Left) and aggregate (Right)
consumption growth using the stock market capitalization to aggregate non-financial income ratio (S/Y). The bold solid lines are the
nonparametric estimate of conditional covariance based on the Epanechnikov kernel estimation at monthly frequency. The shaded
backgrounds represent the rescaled kernel density of the conditioning variable. A detailed description of the data is in the online
appendix A.3. The result using the consumption-wealth (ĉay) by Lettau and Ludvigson (2001) is in the online appendix figure OA.1.

tively associated with the amount of risk for both aggregate and stockholders’ consumption,

in line with our theory.

Price of risk: Next, we confirm the changes in market participants over the economic state

in the CEX data. Panel B of Table 6 shows that coefficients for both the stockholders’ con-

sumption share in aggregate consumption and the market participation rate are highly sig-

nificant and come in with a negative sign. This suggests that consumption of stockholders

who are relatively risk-tolerant drops the most in bad times. Also, the decision to enter

the stock market is procyclical, consistent with our theory and the previous empirical result

based on the SIPP. With regard to the price of risk, we measure the risk aversion of each

household in the same way as before for the SIPP households. We regress the price of risk

on both the stockholders’ consumption share and market participation. The result shows

that the sign on the stockholders’ consumption share is negative. It implies that within the

same level of market participation, an increase in the consumption share of stockholders

who are relatively risk-tolerant leads the mean of risk aversion to be more tilted towards

risk-tolerant investors, resulting in a lower price of risk. In contrast, an entry of investors

35

• quantity of risk negative in a substantial part of the state space, which
would predict negative risk premia
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PRICE OF RISK DYNAMICS (TABLE 6)

Table 6: Empirical test of the model

Table 6 reports the OLS regression results as a test of the theory model. Dt/CGt ∀G = A,H is dividend share in either aggregate or
stockholders consumption. St/Yt is the stock market wealth to aggregate non-financial income ratio. Covt(dCGt /CGt , dRet ) ∀G = A,H

is the conditional covariances between either aggregate or stockholders consumption growth and excess market returns estimated non-
parametrically based on the Epanechnikov kernel estimation. CHt /CAt is the stockholders consumption share in aggregate consumption.
pt is the market participation rate.

∑
i∈G Ci,t/

∑
i∈G(Ci,t/γi) ∀G = A,H is the consumption-weighted harmonic mean of stock-

holders or aggregate risk aversion. For the data, the Consumer Expediture (CEX) Survey from March 1984 to December 2018 is used
for stockholders’ consumption and the NIPA data for aggregate consumption. Aggregate stock market is the CRSP value-weighted
NYSE/AMEX/NASDAQ index. For risk aversion measure, we assume that risk aversion is the probability of reporting that households
have no tolerance for investment risk. A detailed description of the data is in the online appendix A.3. T-statistics based on the Newey and
West (1987) are in parentheses. ***,**,* denote the statistical significance at 1%, 5%, and 10%, respectively. The lag for the standard
errors is automatically selected based on Newey and West (1994).

Dependent variable Independent variable Adj. R2

St/Yt Dt/C
A
t Dt/C

H
t

Panel A: Amount of risk dynamics
Dt/C

A
t 0.026*** 0.656

(10.74)
Dt/C

H
t -0.466*** 0.123

(-4.41)
Covt(∆C

A
t /C

A
t , dR

e
t ) 9.4×10−4*** 0.700

(16.95)
Covt(∆C

H
t /C

H
t , dR

e
t ) 7.6×10−5*** 0.125

(5.63)

Dependent variable Independent variable Adj. R2

St/Yt CHt /C
A
t pt

Panel B: Price of risk dynamics
CHt /C

A
t 0.030*** 0.110

(4.23)
pt 0.016*** 0.073

(3.60)∑
i∈H Ci,t/

∑
i∈H(Ci,t/γi,t) -3.977*** 5.098*** 0.037

(-4.33) (3.50)

is associated with an increase in the mean of risk aversion, implying that those who enter

the market are likely more risk-averse than existing stockholders. This finding empirically

illustrates the market entry/exit effect and the consumption re-distribution effect on the

price of risk in opposite direction, supporting our theory.

To summarize, we empirically find that: (1) a strong countercyclical stockholders’ amount

of risk versus a procyclical or weak countercyclical aggregate amount of risk, (2) procyclical

(countercyclical) dividend share in aggregate (stockholders) consumption, (3) procyclical

36

• consumption-weighted risk aversion correctly predicted by
stockholder’s consumption share and participation

• repeat these regressions on model simulated data again!
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MODEL SOLUTION

Investor’s decision problem leads to the HJB equation

A. Appendix

A.1 Proof
A.1.1 Proof of Proposition 1

Substituting Ct, πt, and lt in (8) (9), and (13) back into the equation (7) gives

0 =
δ̃(1− γ)Vt
1− ψ−1

(δ̃ψ−1((1− γ)Vt)
−θψ+ψ−1V 1−ψ

x,t ψ−1 − 1) + ((rf,t + ν)Xt + Yt)Vx,t

−
λ2
tV

2
x,t

2Vxx,t
+ µyYtVy,t +

1

2
σ2
yY

2
t Vyy,t −

λtVx,tρtσyYtVxy,t
Vxx,t

−
ρ2
tσ

2
yY

2
t V

2
xy,t

2Vxx,t
+

N−1∑
j=1

µwj,twj,tVwj ,t

+
1

2

N−1∑
j=1

σ2
wj,t
w2
j,tVwjwj ,t −

∑N−1
j=1 ρwj ,tσwj,twj,tσtVwjx,t(λtVx,t + ρtσyYtVxy,t)

σtVxx,t

−
(
∑N−1

j=1 ρwj ,tσwj,twj,tσtVwjx,t)
2

2σ2
t Vxx,t

+
N−1∑
j=1

ρwj ,y,tσwj,twj,tσyYtVwjy,t

+
∑
j 6=k

ρwj ,wk,tσwj,tσwk,twj,twk,tVwjwk,t +
lt

2

2σ2
t Vxx,t

(A.1)

Due to the nonlinearity of πt, the first-order condition together with the HJB equation is a
non-linear system. Hence, as in the literature (e.g., Haugh, Kogan, and Wu, 2006), we first
solve the unconstrained HJB equation and solve the constrained HJB equation.

Unbinding constraint: At time t, if the constraint is not binding (i.e., πw/ot > 0), the
Lagrangemultiplier is zero (i.e., lt = 0) from the complementary slackness condition. Please
note that this does not mean that the constraints will never bind at time T > t. Constraints
can bind at different time in the future depending on the states which are incorporated
into the HJB equation as state variables in (7). We can solve the PDE (A.1) in a case where
the constraint is not binding with lt = 0. We conjecture the functional form of the value
function as follows.

Vt =
(a+

∑N−1
j=1 cj,twj,t)(Xt + Yt)

1−γ

1− γ
≡ ptq

1−γ
t

1− γ
(A.2)

where pt ≡ a +
∑N−1

j=1 cj,twj,t and qt ≡ Xt + bYt. This functional form of the value function
implies the following partial derivatives with respect to state variables.
Vx,t = ptq

−γ
t , Vxx,t = −γptq−γ−1

t ,

Vy,t = bptq
−γ
t , Vyy,t = −γb2ptq

−γ−1
t , Vxy,t = −γbptq−γ−1

t , Vwj ,t =
cjq

1−γ
t

1− γ
,

Vwjwj ,t = 0, Vwjwk,t = 0, Vxwj ,t = cjq
−γ
t , Vywj ,t = bcjq

−γ
t (A.3)
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rf,t, λt, µwj,t and σwj,t are all functions of the aggregate state (Dt, Yt,wt) that
are determined in equilibrium

• high-dimensional nonlinear problem (with occasionally binding
constraints on top of that)
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MODEL SOLUTION

Authors ‘guess and verify’ the value function of the form

Vt =

(
a+

∑N−1
j=1 cjwj,t

)
(Xt + bYt)1−γ

1− γ

and obtain (under non-binding constraints and in a special limit)

a =

(
δ̃1−ψψ

((
−rf,t − ν − λ2t

2γ

)
1− ψ−1

δ
+ 1

))− 1
θψ

cj = 0, b =
1

rf,t + ν + λtρs,tσy − µy

• since rf,t, λt are not constant, a and b cannot be constant either
• guess is not valid
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INTERPRETATION OF THE SOLUTION

The value function and decision rules of individual agents are computed as
if agents believed rf,t and λt are constant forever.

• this would be true in an iid growth economy but not in this model
• somewhat resembles anticipated utility (see Cogley and Sargent (2008)
for a discussion)

These decision rules are subsequently aggregated to determine
market-clearing prices

• but this does not constitute a rational expectations equilibrium
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RETHINKING PRICES AND QUANTITIES OF RISK

The authors provide the equity premium formula
equilibrium equity premium is given by

Et[dR
e
t ] =

∑
i∈hg,t

∫
s∈hi,t νe

−ν(t−s)Ci
s,tds∑

i∈hg,t

∫
s∈hi,t νe

−ν(t−s)(
Cis,t
γi

)ds︸ ︷︷ ︸
× Covt(dR

e
t ,
d
∑

i∈hg,t

∫
s∈hi,t νe

−ν(t−s)Ci
s,tds∑

i∈hg,t

∫
s∈hi,t νe

−ν(t−s)Ci
s,tds

)︸ ︷︷ ︸
Price of risk Amount of risk (27)

Proof : See online appendix A.1.3

Proposition 3 shows that among all investors, it is the consumption and risk aversions

of stockholders which directly determine the equity premium. However, it is important to

note that the consumption and risk aversions of non-stockholders affect the equity premium

indirectly through themarket clearing condition. Moreover, in our economy, since investors

endogenously enter and exit the market, the composition of stockholders at each time is

different and hence it affects the dynamics of both components of the equity premium,

which are the amount and price of risk.

A finding that stems from (27) is that we can illustrate why empiricists who use aggre-

gate consumption tomeasure the amount of risk in testing representative-investor economies,

find implausibly extreme and negative values of the implied price of risk (e.g., Nagel and

Singleton, 2011; Roussanov, 2014). See the online appendix A.2 for a derivation of this

result. We describe in detail this finding in Section 5.1.3.

5 Simulation

To simulate our model, the continuous model is discretized and simulated in monthly

time increments for 10 years.22 For the choice of parameter values, we use U.S. dividend and

non-financial income data from the Bureau of Economic Analysis for the longest sample23 -

1930 to 2016.

22This time horizon is commonly used in the literature (e.g, Gârleanu and Panageas, 2015; Heyerdahl-
Larsen and Illeditsch, 2019). In the online appendix OA.7, however, we also show that our key results are
robust to 70 years horizon.

23This is similar to Mehra and Prescott (1985), Kandel and Stambaugh (1991), Abel (1999), Bansal and
Yaron (2004), and Beeler and Campbell (2012).
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• price of risk a harmonic weighted mean of risk aversions
• quantity of risk covariance of consumption growth with returns
• standard CCAPM formula under CRRA utility

With Epstein–Zin preferences, continuation values should show up.

• under the ‘iid’ assumption built into individual decision rules, EZ
reduces to CRRA
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FINDING A PROPER SOLUTION METHOD

The model features 30 types of investors indexed by risk aversion.

• whole wealth distribution is a state vector

Challenges in finding a meaningful approximation

• treatment of binding/non-binding constraints
• simplifying forecasting rules

• Krusell and Smith (1998) type algorithms
• ignoring variation in future risk-free rates and Sharpe ratios (anticipated
utility approach) is an extreme simplification

• moments being matched are pretty delicate, which requires careful
analysis

E.g., specify a 2-agent economy where 1 type participates occasionally.

• solve accurately and using approximation to compare
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SUMMARY

The project is interesting and has a lot of potential

• time-varying quantity of risk and roughly constant price of risk would
help discriminate among ‘workhorse’ models (habits, long-run risk,
disasters) =⇒ this is critical

It is hard to say now how different the predictions in a full REE would be.

• qualitative intuition is sound and should still go through
• Epstein–Zin utility SDF can be very sensitive to belief specification
• Epstein–Zin utility with predictable state variables breaks the tight link
between consumption and returns

• unobservable continuation values make the empirical validation more
challenging

Tighter model comparison to data

• run same regressions
• provide impulse response functions to model shocks, perhaps
accompanied by empirical counterparts

14/14


